Band gaps have recently been observed in graphene on hexagonal boron nitride. Existing models for the interaction between graphene and boron nitride substrate are unable to account for this insulating phase. Motivated by very recent experimental data observing bond distortion of the graphene on a boron nitride substrate, we calculate the electronic structure in a model that combines the local potential variations due to the moiré periodicity and the bond distortion using the Born-von Karman elasticity theory. Only for small twist angles, we find bandgaps of order 30 meV and strong distortions to the graphene dispersion that should be observable experimentally. PACS numbers: 73.22.Pr, 71.20.Gj,31.15.aq Hexagonal boron nitride has emerged as a kind of miracle substrate for graphene. Graphene [1, 2] is a single-atom thick sheet of carbon atoms arranged in a honeycomb lattice, and hexagonal boron nitride (h-BN) has the same topology as graphene but with half the carbon atoms replaced by boron and the other half replaced with nitrogen atoms, where each nitrogen atom sits in between three boron atoms. While at low energy graphene is a zero-band gap semi-metal with a Dirac dispersion, h-BN is an insulator with an experimental bulk bandgap of 5.8 eV [3] .
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PACS numbers: 73. 22 .Pr, 71.20.Gj, 31.15.aq Hexagonal boron nitride has emerged as a kind of miracle substrate for graphene. Graphene [1, 2] is a single-atom thick sheet of carbon atoms arranged in a honeycomb lattice, and hexagonal boron nitride (h-BN) has the same topology as graphene but with half the carbon atoms replaced by boron and the other half replaced with nitrogen atoms, where each nitrogen atom sits in between three boron atoms. While at low energy graphene is a zero-band gap semi-metal with a Dirac dispersion, h-BN is an insulator with an experimental bulk bandgap of 5.8 eV [3] .
The first experiments [4] of graphene on a h-BN substrate suggested that the graphene layer was not only electronically decoupled from the h-BN substrate, but also shielded from extrinsic factors like charged impurities and substrate ripples that have limited the sample quality of graphene on other substrates. Indeed, the mobility of graphene on h-BN is comparable to that of substrate-free graphene but without the fragility inherent in those suspended geometries. This drastic improvement in sample quality opened the door to the observation of new physics including finding new graphene fractional quantum Hall states [5] , Fermi velocity renormalization [6] and anomaously large magneto-drag [7] , just to name three.
The assumption that the h-BN substrate is electronically decoupled from the graphene sheet is somewhat surprising. For example, earlier theoretical works [8] argued that graphene would inherit a 50 meV bandgap from the h-BN substrate. Moreover, the coupling between the carbon atoms in graphene and the boron and nitrogen atoms in h-BN is very large (300 ∼ 450meV) so one would expect strong distortion to the graphene electronic band structure. However, similar to twisted bilayer graphene [9] with sufficiently large twist angles, the electronic structure of graphene remains Dirac like for energy ranges relevant in experiments. Moreover, Ref. [10] observed moiré supperlattices using scanning probe experiments and showed that by considering the lattice mismatch between the graphene and h-BN lattices, there is a maxium moiré period of about 14 nm even for zero twist angle. One of us showed [11] that these results do not rely on θ taking on discrete values giving commensurate superlattices, but holds for any continuous value of θ . Collectively, these results imply that graphene on h-BN should not have a band gap and that changes in the bandstructure [12] are observable only at energies comparable to E θ =hυ F /(aθ ), where a = 0.246 nm and υ F is the graphene lattice spacing and Fermi velocity respectively. These effects of the moiré superlattice potential has been seen experimentally including observation of Hofstader butterfly gaps in the presence of a magnetic field [13, 15] and the emergence of secondary Dirac cones at energies close to E θ .
However, very recently Ref. [14] and Ref. [16] reported large bandgaps in graphene on h-BN when the twist angle was small. The purpose of this Letter is to explain the origin of these large band-gaps. The basic mechanism is as follows. The commensurate structure where carbon atoms are directly above boron atoms (hereafter called BA) is energetically more stable than when one of the carbon atoms sits on top of nitrogen (AB stacking), or both carbon atoms are on top of boron and nitrogen (AA stacking). This implies that locally there will be an expansion of bonds lengths in the BA region to compensate for the displacement away from perfect BA arrangement due to the moiré twisting and lattice mismatch. Similarly there will be a compression of the AB and AA regions to minimize the overall area of this higher energy configuration. This kind of expansion and compression of the graphene lattice within the moiré unit cell was very recently reported by the Manchester group [16, 18] . In what follows, we develop an effective Hamiltonian that takes into account both the moiré potential and the elasticity of the graphene sheet where the bond lengths are allowed to change to minimize the total energy including the preference for the BA stacking configuration.
However, before presenting our theoretical results, let us first discuss the problem qualitatively. For large θ the displacement away from perfect commensuration will be large and the elastic energy E el required to expand the BA region will be larger than the potential energy E pot gained from the lower energy stacking configuration. In this case, there would be no expansion and compression of the graphene lattice, and no sizeable bandgap would develop. However, for small θ , E pot > E el there will be observable lattice distortions, and below we calculate the changes in the band structure including band gaps as large as ∆ = 30 meV. An important finding is that this structural transition also involves out-of-plane distortion which introduces quantitative modifications of the electronic structure. We note in passing that unlike other proposals for opening bandgaps in graphene [19] , the mechanism at play here does not degrade the graphene mobility. Moire superlattice Hamiltonian. The periodic moire superlattice patterns in the Hamiltonian of G/BN modeled as a perturbative potential on top of graphene [10, 12, 20] can be conveniently expressed as Fourier sums in G vectors of the moire reciprocal lattice vectors
where s, s are the sublattice labels. The momentum conservation conditions are imposed through ∆( k), that is zero except when k is in the domain of G which depends on the lattice constant mismatch parameter ε = a C /a hBN − 1 = −0.017, where a C and a hBN are the triangular lattice constants of graphene and hBN, and the twist angle θ . It is convenient to work in a reference frame where G = − εG retains a fixed orientation corresponding to zero twist angle and use ε = (ε 2 + θ 2 ) 1/2 as the control parameter that is related with the moire periodicity length through l M = a/ ε. [12] The fourier components of the above Hamiltonian results from integrations of the d-dependent Hamiltonian matrix elements in the unit cell of graphene where d represents the local stacking coordination. [20] We can distinguish three independent components in the Hamiltonian, either in the sublattice or pseudospin basis, where each one of them can be accurately parametrized with two numbers C, ϕ using the explicit forms in Eq. (39) in Ref. [20] . The out-of-plane z-axis dependence can be captured with an exponentially decaying behavior of C(z) through
where z 0 = 3.35Å. The three decay coefficients for the C AA (z 0 ), C BB (z 0 ) and C AB (z 0 ) terms calculated previously [20] B = 3.0, 3.2, 3.3Å −1 were found fitting the z-dependence between 2.8Å to 5Å. The effects due to lattice relaxation can be conveniently incorporated when calculating the above Hamiltonian through the in-plane displacement vector u( r) = (u x ( r), u y ( r)) and the height h( r) representing the local distance of graphene to hBN, where r = (x, y) is a twodimensional vector. The function
that relates the position in real space with the local stacking coordination for zero twist angle [20] is corrected in the presence of in-plane lattice displacements to
Our working assumption is that the length scale dictated by the moire superlattice periodicity remains unchanged for a given configuration and that the displacement vectors have the periodicity the moire supercell. In other words, the variable local energy landscape will define the local forces that tend to distort the lattice geometry to introduce variations in the stacking pattern but it won't modify the periodic pattern of the moire superlattice that is defined by the twist angle [32] . The elastostatic solution for u( r) and h( r) can be obtained minimizing the superlattice area renormalized total energy involving integrals in the moiré supercell
where we distinguished the two contributions E el and E pot . The elasticity energy functional was modeled using the Bornvon Karman plate theory [21] . and when represented in reduced coordinates d in graphene's unit cell we can observe an explicit quadratic scaling with moire length of the elasticity energy, see supplementary information. With the bending rigidity of graphene κ = 1.6 eV [23] playing a negligible role, the elasticity theory depends on the two Lamé parameters. The estimates in the LDA gives λ ∼ 3.5 eVÅ −2 and µ ∼ 7.8 eVÅ −2 [22] whereas empirical potential methods gives λ = 3.25 eV/Å 2 and µ = 9.57 eV/Å [30] . To obtain the commensute-incommensurate transition comparable to the moire period observed experimentally we reduced the elasticity energy by one eighth of the value obtained using the Lamé constants from the empirical potentials. This is equivalent to using λ = 0.4 eV /AA 2 and µ = 1.2eV /Å 2 smaller in magnitude than from first principles estimates. The potential energy has been parametrized from the stacking-dependent and separation dependent energy curves in Ref. [22] calculated at the EXX+RPA level. It is convenient to use use scalar fields Φ( d) that respect the periodicity of a triangular Bravais lattice to model the rescaled coordinates in the graphene's unit cell and functions derived thereof
The explicit form of Φ written as a Fourier expansion in G vectors is
where C G is in general a complex number and we retain up to three nearest G vectors for the scalar field that preserves the symmetry of triangular lattices, see supplementary information. The parameters C 0 , C 1 , C 1 , ϕ 1 , C 2 and ϕ 2 are real valued constants and we defined auxiliary functions f and g in terms of the triangular lattice structure factors similar as those used in a general tight-binding model of graphene [24] . We found that retaining only the constant C 0 and f 1 ( d,C 1 , ϕ 1 ) built from the first shell of Fourier expansion in G vectors is often a good approximation.
Towards commensurable G/BN crystals. Recent experiments [16, 17] have shown evidence of structural relaxation and local stacking reconfiguration for long enough moire periodicities. Because of the variations of total energies for different stacking coordinations follows E BA < E AB < E AA , using the conventions in Ref. [20] , the system will tend to locally prefer the BA stacking configuration where one of the carbon atoms sits on boron. The stacking energy difference is E AA − E BA 28 meV per carbon atom pair per unit cell area in the RPA+EXX calculations and a smaller E AA − E BA 22 meV in the LDA. As a consequence the system will tend to expand the BA region and compress the AB and AA regions. The stacking reconfiguration will be more important for longer period moire lengths because in this limit the potential energy dominates over the elasticity energy that resist the deformations. Another way to understand the scaling behavior is by noting that the forces F = − ∇ d E pot to rearrange the stacking result from a gradient of the potential energy in the variable d that doesn't depend on the moire periodicity, whereas the gradients of the displacement vector u( r) entering the elasticity equations are inversely proportional to l M . The break down of the two energy contributions as a function of twist angle is presented in Fig. 1 .
The band structure and density of states associated L of twist angle θ = 0 • and large relaxation, M of twist angle θ = 1.7 • and moderate relaxation, vertical relaxation only V as well as unrelaxed geometries for fixed c = 3.35Å for different twist angles are presented in Fig. 2 . These calculations have included up to three nearest neighbor hopping terms in G vectors. For the θ = 0 • relaxed configuration we can observe a band gap of 30 meV comparable with the magnitude of the gap for BA commensurate stacking from DFT calculations. [8, 20] The conditions for the formation of band gaps in the Dirac Hamiltonian have been discussed by a number of authors leading to proposals of antidots [25] , certain combinations of periodic scalar and vector fields [26, 27] , zero-line localizations as higher order perturbative corrections [28] . The large gap we find is a zeroth order correction to the Hamiltonian that results from the increase of the average mass term that is defined as the average difference in the effective sublattice site potentials H z, G 0 = (H AA, G 0 − H BB, G 0 )/2 where G 0 = (0, 0). The correction to the off-diagonal H AB terms due to the displacements which are similar to the pseudomagnetic fields that result from the stress tensor [29] eadily derivable from u and h functions have a minor importance for the formation of the gap in the primary Dirac cone. Qualitative modifications in the density of states and band structure near the primary and secondary Dirac points are also observed in relaxed θ = 0 • and θ = 1.7 • but no visible qualitative changes are observed for vertical relaxation only V with respect to unrelaxed U. In the unrelaxed geometries we can observe dips in the density of states related with the formation of secondary Dirac points and gaps and a gradual disappearance of avoided crossings for shorter moire lengths as we approach the perturbative regime, in all cases showing gaps below 1 meV at the primary Dirac point. Analogous stacking reconstructions are expected to take place in long period twisted graphene layers where the moire period can be made longer than in G/BN thanks to the absence of lattice mismatch. In summary we have presented a model for graphene on hBN that allows to capture the in-plane and out-of-plane lattice relaxation effects and have constructed the Hamiltonian using information obtained from first principles calculations. Our calculation can explain observables of interest in twisted heterostructures with long moire periods where the lattice relaxation becomes substantial, including the generation of the band gap at the primary Dirac point for long moire periods.
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In the main text we presented an approximation for a scalar field that varies smoothly in real space given by
where the constants C G are complex numbers. The f function f j ( r,C j , ϕ j ) = C j exp(iϕ j ) f j ( r) + c.c.
is defined in terms of the structure factors f j ( r) = exp(−i jG 1 y)
where G 1 = 4π/3a where a is the real-space periodicity of the moire superlattice and j = 1, 2. Thus, the explicit form of the functions defined along the symmetry lines x = 0 or y = 0 consist of sums of terms of the form f j ( r, y = 0,C, ϕ) = 2C cos ϕ 1 + 2 cos( j √ 3G 1 x/2) f j ( r, x = 0,C, ϕ) = 2C cos (ϕ − jG 1 y) + 4C cos (ϕ + jG 1 y/2) .
The analytical expression for the g function shell contribution reduces to a simpler form g( r) = 2 cos (G 2 x) + 4 cos √ 3G 2 y/2 cos (G 2 x/2) ,
where G 2 = 4π, that for the symmetry lines educe to g( r, y = 0) = 2 cos (G 2 x) + 4 cos (G 2 x/2) g( r, x = 0) = 2 + 4 cos √ 3G 2 y/2 .
The vector fields such as in-plane forces, displacement vectors, and stresses can be obtained as gradients of the scalar potentials given by the above forms that can preserve the symmetry of the triangular moire superlattice. The vector field that can be obtained from the gradient of the scalar field is ∇Φ = ∇g + ∇ f 1 + ∇ f 2 (13) and can be obtained taking the respective partial derivatives. Thus we have ∇ f j = C j exp(iϕ j ) ∇ f j + c.c.
where the partial derivatives of the constituent functions are given by ∂ x f j ( r) = − j √ 3G 1 exp(i jG 1 y/2) sin( j √ 3G 1 x/2) ∂ y f j ( r) = i jG 1 (− exp(−i jG 1 y)
+ exp(i jG 1 y/2) cos( j √ 3G 1 x/2) .
For the g terms we have ∂ x g( r) = −2G 2 sin(G 2 x) + cos( √ 3G 2 y/2) sin(G 2 x/2) ∂ y g( r) = −2 √ 3G 2 sin( √ 3G 2 y/2) cos(G 2 x/2).
Likewise higher order derivatives used in the stress tensors or the gauge fields can be evaluated analytically.
